Exercise 1 — Z notation (2/CS/3T)
Lecturer: Jonathan Bowen

1 Logic and Quantifiers

N.B.: The general form for quantifiersinZis. Qa:A|peq

where Q isaquantifier (e.g., V or 3), aisthe bound variable drawn from aset A, pisaconstraint
on a (expressed as a predicate), and g is the quantified predicate.

More that one declaration may beincluded: a:A; b:B; ...

For several declarationsdrawn fromthesameset use: a,b,...: A

If the constraint istrue it may be omitted: Qa:Aeq = Qa:A|truee(

The set of natural numbersis denoted N and the set of integersis denoted Z in Z.

1. Specify thefollowing in Z using quantifiers:

(a) Every natural number greater than 10 is not equal to 5.
(b) There exists some integer greater than 10 that is not equal to 5.
(c) All natural numbers are also integers.

(d) All even numbers are not odd numbers. (You may assume the presence of evenn and
oddn as predicates for even and odd numbersif you wish.)

(e) Some students pass their exams.

() All natural numbers when multiplied together give a result greater than or equal to
both of the numbers.

2. Rewrite the following formulasin Z using quantifiers:

@ 10>2A10>3A10>4A10>5
(b) 10>2Vv11>2V12>2V13>2V14>2

(€ (10>2V11>2V12>2V13>2V14>2)A
(10>3V11>3V12>3V13>3V14>3)A
(10>4V11>4V12>4V13>4V 14> 4) A
(10>5Vv11>5Vv12>5V13>5V 14 >5)

PT.O.



2 Sets and Set Comprehension

N.B.: The standard form for set comprehensionis. {a: A|pe X}

where a is a variable declaration drawn from a set A, p is a constraint on a (expressed as a
predicate), and x is an expression defining the set.

If X isformed from declaration, it may be omitted: {a: A|p} = {a:A|pea}

If the constraint istrue, it may be omitted: {a:Aex} = {a:A|truee a}

1. Specify the following sets:

(@ All natural numberslessthan 5. Answer using:

i. Set enumeration
ii. Set comprehension

(b) All even natural numbers
(c) All odd natural numbers Answer using:

i. Set comprehension
ii. Set difference (using your answer for even numbers)

(d) All squares of integers.
(e) The natural numbersin terms of arestricted set of integers.

2. Specify the following using set operations such as C, N, U and \, naming and reusing
previously defined setsif desired:

(&) Natural numbers are also integers.
(b) Even natural numbersand odd natural numbers are two distinct non-overlapping sets.

(c) The combination of the even and the odd natural numbers makes up the complete set
of natural numbers.

(d) Some even natural numbers are not squares.

Note that information on the course is available on-line on the World Wide Web under the fol-
lowing URL (Uniform Resource Locator):

http://www.cs.reading.ac.uk/cs/people/jpb/teaching/z.html



